This note contains a written form of a talk given by the first author at the conference on Mirror Symmetry and Related Topics, Miami, January 28-February 2, 2019. Details and related remarks are added.
Introduction
In [3] we introduced some categorical invariants via counting of fully faithful functors. In [4] we focused on examples and extended our studies beyond counting.
The idea of non-commutative counting from [3] is unfolded here in Section 3. Namely, for a triangulated category T , a subgroup Γ ⊂ Aut(T ) of exact equivalences, and a choice of some restrictions P on fully faithful functors we define the set of subcategories of T , which are equivalent to another chosen triangulated category A via an equivalence which satisfy P , and modulo Γ. The resulting set of equivalence classes of subcategories in T we denote by C Γ A,P (T ). When the categories T , A are K-linear for some field K, then choosing the property P imposed on the functors to be Klinear, and restricting Γ to be subgroup of the group of K-linear auto-equivalences Aut K (T ) results in the set C Γ A,P (T ), which we denote by C Γ A,K (T ) (see Section 3). Following Kontsevich-Rosenberg [11] we denote D b (Rep K (K(l + 1))) by N P l for l ≥ −1, where K(l + 1) is the Kroncker quiver as explained in Section 2. For a K-linear category T and any l ≥ −1 we denote C Γ N P l ,K (T ) by C Γ l (T ) and refer to this set as the set of non-commutative curves, sometimes nc curves for short, of non-commutative genus l in T modulo Γ. Note that N P −1 has homological dimension 0 and one should think of the "curves" of non-commutative genus −1 as a kind of degenerate curves. Some of the examples, studied in [4] , are as follows: Let Q 1 , Q 2 be the quivers:
then for any other affine quiver Q ′ and for i = 1, 2 we have C {Id} D b (Q ′ ) (D b (Q i )) < ∞ and we computed all non-zero cardinalities. In this note we extend the result about finiteness to the case when Q i is any affine acyclic quiver. In addition to that, for any two affine quivers Q, Q ′ we determine whether C {Id} D b (Q ′ ) (D b (Q)) is empty or not. The main result is Theorem 4.25. After that in Section 5 we prove that C Aut(D b (Q)) 1 (D b (Q)) = 1 for any acyclic affine connected quiver Q (Corollary 5.4).
Under hypothesis that we understand correctly [7, COROLLARY 9.9 ], see (21), we deduce the number C By Q we denote an acyclic quiver and by D b (Rep K (Q)), or just D b (Q), -the derived category of the category of K-representations of Q, this is a K-linear triangulated category.
For an integer l ≥ 0 the l-Kronecker quiver (the quiver with two vertices and l parallel arrows) will be denoted by K(l).
The number of elements of a finite set X we denote by |X|. If X is infinite, we write |X| = ∞.
3. The sets C Γ A,K (T ), C Γ l (T ) For K-linear triangulated categories A, T and a subgroup Γ ⊂ Aut K (T ) of the group of K-linear auto-equivalences we defined in [4, Definition 4 .2] a set C Γ A,K (T ). For short we write C Γ l (T ) instead of C Γ N P l ,K (T ). In this note we consider only K-linear categories and we will omit writing K in the notations C Γ A,K (T ). In particular, here we need only the following: 
A is a full tr. subcategory s.t. A = E 1 , E 2 for some strong exceptional pair
for affine quivers Q, Q ′ Definition 4.1. By p we will denote a sequence p = (p 1 , p 2 , . . . , p t ), t ≥ 1 of integers such that
Following [7, p. 319 ] the sequences p = (p 1 , p 2 , 1), p 1 ≥ 1, p 2 ≥ 1, p = (2, 2, p) with p ≥ 2, p = (2, 3, 3), p = (2, 3, 4), p = (2, 3, 5) will be said to be of Dynkin type.
For a sequence of Dynkin type p we denote by T (p) a triangulated category which is a derived category of a corresponding extended Dynkin quiver. More precisely, for p ≥ 1, q ≥ 1 we will denote by T (p, q, 1) the derived category of representations of a quiver, whose graph is an extended Dynkin diagram ot type A with p + q vertices and orientation determined by the pair p, q as shown in [12, Figure 6 ]. In [12, p. 363 ] is explained that for any acyclic quiver whose underlying graph is an extended Dynkin diagram of type A we have D b (Q) ∼ = T (p, q, 1) for some p ≥ 1, q ≥ 1.
When
we mean derived categories of representations of quivers whose underlying graphs are corresponding extended Dynkin diagrams and with any choice of orientation (changing the orientation gives equivalent categories [12, Section 5] ). With this stipulation we denote
Definition 4.2. Let p, p ′ be two sequences of length 3. We write p ′ p iff there exists a permutation σ of {1, 2, 3} such that p ′ σ(i) ≤ p i for i = 1, 2, 3. Remark 4.3. In the beginning of [7, Section 9] is explained how to view a sequence of natural numbers and a normalized sequence of points in P 1 (i.e. the latter has the same length as the first sequence and starts with ∞, 0, 1) as a weight function w : P 1 → N. For the case of a sequence of length three p = (p 1 , p 2 , p 3 ) the weight function w p has values w p (∞) = p 1 , w p (0) = p 2 , w p (1) = p 2 and 1 elsewhere. On [7, p. 321 ] is defined what is meant by saying that a weight function w dominates another weight function v. It can be shown that for two sequences p, p ′ of length 3 we have p ′ p, as defined in Definition 4.2 iff the weight function w p corresponding to p dominates the weight function w p ′ corresponding to p ′ . 1 Remark 4.4. In [3] is shown that:
This follows from [3, formula (226), Remark 12.11, and Remark 12.1].
We will use later the following Proof. [2, Lemma 3.38] ensures an exceptional pair (E 1 , E 2 ) ∈ T (p), such that hom(E 1 , E 2 ) = 2 and hom i (E 1 , E 2 ) = 0 for i < 0. From [15, Lemma 2.3.4] it follows that also hom i (E 1 , E 2 ) = 0 for i > 0. Now using Proposition 3.2 we deduce E 1 , E 2 ∈ C Proof. We use [5, Proposition 3 .34] to get an exceptional pair ( Proof. Lemmas 4.6, 4.5 ensure that there exists a triangulated subcategory T ⊂ D b (Q) equivalent to D b (K(l)) for some l ≥ 2. Since in D b (K(l)) there exists a sequence of exceptional objects {s i } i∈Z such that s i ∼ = s j [k] for any i = j and any k ∈ Z (see [3, Subsection 7.2] ), such sequence exists in D b (Q) as well. Now the lemma follows since after shift each s i becomes an exceptional representation in Rep K (Q).
4.1.
Domestic weighted projective lines. For any sequence of p = (p 1 , p 2 , . . . , p t ), t ≥ 1 of integers and p i ≥ 1 in [6] were introduced hom-finite hereditary abelian categories (called the category of coherent sheaves on weighted projective lines of weight p). In our considerations we will have t = 3 and in this case the sequence p determines by the method in [6] a unique up to equivalence hereditary abelian category, which we will denote by coh(X(p)), as in [6] we refer to the objects of coh(X(p)) as to sheaves on the weighted projective line X(p). The full subcategory in coh(X(p)) whose objects are sheaves of finite length, is denoted by coh 0 (X(p)). There is another full subcategory, whose elements are referred to as vector bundles on X(p) and this subcategory will be denoted by vect(X(p)). We list some facts for coh(X(p)), which we need later: Each object X ∈ coh(X(p)) is a direct sum of an object in coh 0 (X(p)) and an object in vect(X(p)). There are only finitely many objects in coh 0 (X(p)) up to isomorphism, which are exceptional (since coh(X(p)) is hereditary, an exceptional object in coh(X(p)) is the same as an object A ∈ coh(X(p)), s. t. Hom(X, X) = K, Ext 1 (X, X) = 0).
The rank one abelian group L(p) on generators x 1 , x 2 , . . . , x t and relations p i x i = p j x j for 1 ≤ i < j ≤ t acts on coh(X(p)) by exact auto-equivalences. For x ∈ L(p) and X ∈ coh(X(p)) the action of x on X is denoted by X(x). The element
One can define rank of the objects in coh(X(p)), which is zero for the objects in coh 0 (X(p)) and positive integer on the objects in vect(X(p)) ([6, Corollary 1.8.2.]). For any weight sequence p = (p 1 , p 2 , . . . , p t ) the sequence:
is a full strong exceptional collection on D b (coh(X(p))).
can be extended to a full exceptional collection.
. . , D n be two exceptional collections in coh(X(p)) of length equal to rank(K 0 (D b (coh(X(p))))). Let E be the direct sum of the elements of sequence (7) . Then the finite dimensional K-algebra Hom(E, E) is the same as the so called canonical algebra of weight p introduced in [17] and denoted by Λ(p). Λ(p) is obtained via quiver with relations as explained in [6, Section 4] or [15, p. 19,20] . , then up to permutation p ′ is of Dynkin type and assuming that q is the permuted sequence, which is of Dynkin type, we have D b (coh(X(p ′ ))) ∼ = T (q). , here we use also that coh(X(p)) is hereditary. Let E be an exceptional sheaf on a weighted projective line X(p). Then the full subcategory:
is closed under kernels, co-kernels and extensions, in particular it is an abelian subcategory in coh(X(p)) and
Remark 4.19. Let A be an abelian category. Let A 1 , A 2 be two full subcategories, such that each object in A is a direct sum of an object in A 1 and an object in A 2 . Let Hom(X, Y ) = Hom(Y, X) = 0 for any X ∈ A 1 , and any Y ∈ A 2 . It follows that also Ext 1 (X, Y ) = Ext 1 (Y, X) = 0 for any X ∈ A 1 , and any Y ∈ A 2 . Furthermore, it follows that A 1 , A 2 are Serre subcategories in A and Corollary 4.20. Let E be an exceptional sheaf in coh 0 (X(p)). Then the subcategory {E} ⊥ in coh(X(p)) is coproduct of two subcategories A 1 , A 2 , such that A 1 is equivalent to the category of representations of some quiver Q, whose components are Dynkin quivers (i.e. of finite representation type), and A 2 is equivalent to coh(X(p ′ )) for some sequence p ′ ≺ p (strictly smaller for the defined in Definition 4.2 partial order). Furthermore A 1 ⊂ coh 0 (X(p)).
Proof. From [14, page 2550] (see also [7, THEOREM 10 .1 and the remark that follows]) we get that the subcategory: {E} ⊥ from (8) in coh(X(p)) is coproduct of two subcategories A 1 , A 2 , such that A 1 is equivalent to mod(H) for some hereditary finite dimensional K-algebra, and A 2 is equivalent to coh(X(p ′ )) for some sequence p ′ ≺ p (strictly smaller for the defined in Definition 4.2 partial order). Furthermore A 1 ⊂ coh 0 (X(p)).
It remains to show that the category mod(H) is equivalent to the category of representations of some quiver Q as specified. Since H is finite dimensional hereditary it follows that mod(H) is equivalent to the category of representations of some acyclic quiver Q (see e.g. [17, p. 80] ). From Remark 4.19 and Fact 4.18 we see that any exceptional object in A 1 is an exceptional object in coh(X(p)) and since A 1 is a full subcategory in coh(X(p)) pairwise inequivalent exceptional objects in A 1 are pairwise inequivalent in coh(X(p)). Now from Fact 4.9 and A 1 ⊂ coh 0 (X(p)) it follows that there are finitely many exceptional objects in Rep K (Q). Now the corollary follows from Corollary 4.7.
Corollary 4.21. Let E be an exceptional sheaf in coh 0 (X(p)). Then we have a SOD D b (coh(X(p)) = T 1 , T 2 , E , where T 1 ∼ = D b (Q) for some acyclic quiver Q with components Dynkin quivers and
If p is of Dynkin type, then p ′ can be chosen to be of Dynkin type.
Proof. Provided that everything else is proved, the last sentence follows from Corollary 4.17 and Fact 4.15. Let A 1 , A 2 be the subcategories in coh(X(p)) from Corollary 4.20. Using Remark 4.19 and Fact 4.18 we see that exceptional collections in A i give rise to exceptional collections in D b (coh(X(p))) right orthogonal to E . Furthermore from the same statements it follows that for any object X in A 1 and any object Y in A 2 the pair (X, Y ) is orthogonal in D b (coh(X(p))).
Let A 1 , . . . , A n be the full exceptional sequence in D b (A 1 ) consisting of the projective representations in Rep K (Q), this is a strong exceptional collection. Let B 1 , B 2 , . . . , B m be the full exceptional collection in D b (A 2 ) coming from the equivalence to coh(X(p ′ )) and from Fact 4.11. We claim that A 1 , . . . , A n , B 1 , . . . , B m , E is a full exceptional collection in D b (coh(X(p))). We already explained that E = (A 1 , . . . , A n , B 1 , . . . , B m , E) is an exceptional collection in D b (coh(X(p))) such that (A i , B j ) are orthogonal pairs for any i, j. If E is not full then from Fact 4.12 there exists an exceptional object X ∈ E ⊥ . Since X is indecomposable we can assume that X ∈ coh(X(p)) and then from Corollary 4.20 we have X ∈ A i for i = 1 or i = 2. We assume i = 1 (otherwise the arguments are the same). However using again Remark 4.19, Fact 4.18, and X ∈ E ⊥ we deduce that Ext j A 1 (A l , X) = 0 for all l and all j, which contradicts the fact that (A 1 , A 2 , . . . , A n ) is a full exceptional collection in D b (A 1 ). So we proved that E is a full exceptional collection. Let us denote T 1 = A 1 , . . . , A n , T 2 = B 1 , . . . , B m , then from the already explained we see that D b (coh(X(p)) = T 1 , T 2 , E is a SOD and Hom(T 1 , T 2 ) = Hom(T 2 , T 1 ) = 0. Now both (A 1 , . . . , A n ), (B 1 , . . . , B m ) are full strong exceptional collections in T 1 , T 2 , respectively. Since A 1 is equivalent to Rep K (Q) we have a full strong exceptional collection (A ′ 1 , . . . , A ′ n ) in D b (Q) such that the endomorphism algebra of A ′ 1 ⊕ · · · ⊕ A ′ n is isomorphic to the endomorphism algebra of A 1 ⊕ · · · ⊕ A n , from [16, Corollary 1.9] it follows that T 1 is equivalent to D b (Q). By similar arguments and from the way we constructed the strong exceptional collection B 1 , . . . , B m it follows that T 2 is equivalent to D b (coh(X(p ′ ))), we take into account Facts 4.14, 4.15.
We pass to studying the right orthogonal E ⊥ in D b (coh(X(p))) for an exceptional vector bundle E on X(p).
Corollary 4.22. Let p be of Dynkin type. Let E be an exceptional vector bundle on X(p). Then the subcategory E ⊥ in D b (coh(X(p)) is equivalent to D b (Q) for some acyclic quiver Q with n − 1 vertices, where n = rank (K 0 (coh(X(p)))), with components Dynkin quivers. Furthermore, if E is a line bundle, then Q is Dynkin of type A, D, E, when p is of type A, D, E, respectively (see Definition 4.1).
Proof. In this case the subcategory (8) in coh(X(p)) is equivalent to mod(H) for some finite dimensional hereditary K-algebra with n − 1 simple objects [15, Theorem 2.4.3] (see also the beginning of [15, Section 2] , where is specified that by an algebra they always mean a finite dimensional algebra). [15, Theorem 2.4.3] is taken from [10] , it is stated in [9] as well.
Since H is finite dimensional hereditary it follows that mod(H) is equivalent to the category of representations of some acyclic quiver Q (see e.g. [17, p. 80] ). From Fact 4.18 we see that any exceptional collection in {E} ⊥ gives rise to an exceptional collection in E ⊥ ⊂ D b (coh(X(p))). Let (E 1 , E 2 , . . . , E n−1 ) be the exceptional collection of E ⊥ coming from the projective representations in Rep K (Q), then by the already explained (E 1 , E 2 , . . . , E n−1 , E) is an exceptional collection in D b (coh(X(p))) and from Fact 4.12 it is full, hence E ⊥ = E 1 , E 2 , . . . , E n−1 . Now as in the proof of the equivalenceT 1 ∼ = D b (Q) in Corollary 4.21 on proves that E ⊥ ∼ = D b (Q). Applying the explanation after [15, Theorem 2.4.3] to each of the possible p one sees that if E is a line bundle, then the quiver Q is connected Dynkin of the corresponding type.
Consider exceptional vector bundle E, which is not line bundle. Assume that some component of Q is not Dynkin. From Lemmas 4.5, 4.6
is a strong exceptional pair with hom(E 1 , E 2 ) = l + 1 ≥ 2 due to Proposition 3.2. After shifting we obtain an exceptional pair (X, Y ) in {E} ⊥ ⊂ coh(X(p)) with either hom(X, Y ) = l + 1 or hom 1 (X, Y ) = l + 1. Using again Fact 4.12 we obtain a complete exceptional collection (X, Y, E 1 , E 2 , . . . , E n−3 , E) in coh(X(p)) (by complete here we mean of length n). From [14, Theorem 2.] and since E is a vector bundle, the smallest exact (by exact subcategory we mean closed under kernels, co-kernels and finite direct sums) and extension-closed subcategory in coh(X(p)) containing (X, Y ) is equivalent to a module category over a finite dimensional hereditary algebra, hence it is equivalent to the category of representations of some acyclic quiver Q (see e.g. [17, p. 80] ). Denote this subcategory by A. Since it is exact and extension-closed, we have for any A, B ∈ A:
From the arguments in [14, Proposition 4.2.] we see that rank (K 0 (A)) = 2 and hence A is equivalent to Rep K (K(r)) for some r ≥ 0. Since all exceptional pairs in Rep K (K(r)) have r-dimensional Hom or Ext between their elements, 3 from (10) Proof. Due to Fact 4.15 it is enough to show that C {Id} D b (coh(X(p ′ ))) (D b (coh(X(p)))) = ∅. Using Fact 4.23 we get an exact and extension closed subcategory A ⊂ coh(X(p)), which is equivalent to coh(X(p ′ )). Since A is exact and extension-closed, we have (9) for any A, B ∈ A again. This in turn ensures that the exceptional sequence on coh(X(p ′ )) explained in Fact 4.11 gives rise to a strong exceptional sequence (E 1 , . . . , E n ) in D b (coh(X(p))), whose endomorphism algebra 3 see for example [4, Figures 10, 11, 12 ] or Remark 5.1 below.
It follows that for any two affine acyclic quivers Q ′ , Q (i.e. quivers of extended Dynkin type) holds
Proof. The last sentence follows from Fact 4.15 and the comments in Definition 4.1.
Taking into account Corollary 4.24, it is enough to prove that
Due to Fact 4.15 we can work with (T (p) ). We note that:
Both D b (coh(X(p ′ ))), D b (coh(X(p))) have full exceptional collections, each exceptional collection of maximal length is full, and each exceptional collection (12) can be extended to a full exceptional collection (Facts 4.11, 4.12) .
Due to (12) (coh(X(p) ))) is a subcategory generated by an exceptional collection and [1, Theorem 3.2] says that (13) A is admissible, which in turn implies that A is closed under direct summands.
Let us denote |p| = p 1 + p 2 + p 3 for any sequence p = (p 1 , p 2 , p 3 ). We will make induction on |p|. We note first that from the very Definitions 4.1, 4.2 we have rank (T (p)) = |p| − 1,
Recalling Definition 4.1 we see that the minimal |p| is 3 and there is a unique p where this is attained, it is p = (1, 1, 1 ).
If p = (1, 1, 1) and C {Id} T (p ′ ) (T (p)) = ∅, then (14), (12) , (13) imply that |p ′ | ≤ |p| = 3, and by the minimality of |p| and the uniqueness of p we have p ′ = p and C {Id} T (p ′ ) (T (p)) = 1. The induction step: Let for some N ≥ 3 we have that for any p of Dynkin type and with |p| ≤ N (11) holds. Assume also that C {Id} T (p ′ ) (T (p)) = ∅, and that |p| = N + 1. We will show that p ′ p (coh(X(p) ))) < ∞ and the theorem will be proved. If rank K 0 (D b (coh(X(p ′ )))) = rank K 0 (D b (coh(X(p)))) , then from (12) it follows D b (coh(X(p ′ ))) ∼ = D b (coh(X(p)), T (p) ∼ = T (p ′ ) and from [8, p. 56] it follows that p = p ′ and C {Id} T (p ′ ) (T (p)) = 1. So, let rank K 0 (D b (coh(X(p ′ )))) < rank K 0 (D b (coh(X(p)))) . In this case (12) ensures that for each A ∈ C {Id} D b (coh(X(p ′ ))) (D b (coh(X(p)))) there exists an exceptional sheaf E ∈ coh(X(p)), s.t.
A ⊂ E ⊥ , however Corollary 4.22 shows that E cannot be a vector bundle. Indeed if E is a vector bundle, then from Corollary 4.22 and A ⊂ E ⊥ would follow that for some acyclic quiver Q with components Dynkin quivers we have a subcategory A ⊂ D b (Q) which is equivalent to D b (coh(X(p ′ ))) ∼ = T (p ′ ), which is impossible, since in D b (Q) there are only finitely many exceptional objects up to shift, whereas in T (p ′ ), there are infinitely many indecomposable objects up to shift (we use (13) as well here). So far, we deduce that A ⊂ E ⊥ for some exceptional sheaf of finite length E ∈ coh 0 (X(p)), recall also Fact 4.8. From Fact 4.9 we know that the set of such objects is finite, say E. For each E ∈ E, from Corollary 4.21, we have
. Indeed, now A ∼ = T (p ′ ) and T (p ′ ) is the derived category of representations of a connected acyclic quiver, therefore we have a full exceptional collection A 1 , A 2 , . . . , A n in A such that for any 1 ≤ j < n A 1 , . . . , A j is not orthogonal to A j+1 , . . . , A n ,
acyclic quiver Q E with components Dynkin quivers, we can exclude the case A ⊂ T E 1 by the fact that there are infinitely many indecomposable objects in A up to shifts and using (13) again.
In the case rank K 0 (D b (coh(X(p ′ )))) < rank K 0 (D b (coh(X(p)))) we deduce that there is a finite set of triangulated subcategories
If C {Id} D b (coh(X(p ′ ))) (D b (coh(X(p)))) = ∅, then C {Id} D b (coh(X(p ′ ))) (D b (coh(X(p ′ E )))) = ∅ for some E ∈ E and by (14) and the induction assumption p ′ p ′ E ≺ p. Furthermore again by the induction assumption C {Id} D b (coh(X(p ′ ))) (T E 2 ) is finite for each E ∈ E and therefore by (15) C {Id} D b (coh(X(p ′ ))) (D b (coh(X(p)))) is finite.
Remarks on C
Combining results in [7] and [14] we will study further C Γ T (p ′ ) (T (p)) for the case when p ′ is the unique sequence of Dynkin type with |p ′ | = 3. This is the case p ′ = (1, 1, 1) and then T (p ′ ) = D b (K(2) ). With the terminology explained in the introduction the set C (D b (coh(X(p)))) exists exact equivalences D b (coh(P 1 )) ∼ = D b (K(2)) ∼ = B and from [3, (85) , (86), (87)] we see that there is a sequence {s i } i∈Z of exceptional objects in B such that
complete lists of exceptional pairs and objects (up to shifts) are {(s i , s i+1 )} i∈Z and {s i } i∈Z .
there is an exact triangle s i−1 → s 2 i → s i+1 → s i−1 [1] for any i ∈ Z.
In [14] for any exceptional pair (A, B) ∈ coh(X(p)) is studied the smallest exact extension-closed subcategory of coh(X(p)) containing A and B. We will denote this subcategory by Z(X, Y ). We note first:
Lemma 5.2. Let A ⊂ coh(X(p)) be an exact and extension-closed subcategory such that there exists a K-linear exact equivalence coh(P 1 ) → A. Then:
(a) object X/ (pair of objects X, Y ) in A is exceptional object/(exceptional pair) with respect to A iff it is exceptional object/(exceptional pair) with respect to coh(X(p)).
(b) For any exceptional pair X, Y ∈ A we have hom(X, Y ) = 2, hom k (X, Y ) = 0 for k = 0, and Z(X, Y ) = A.
(c) There is a sequence {s i } i∈Z of exceptional objects contained in A, such that each exceptional object in A is isomorphic to s i for some i ∈ Z and each exceptional pair
Proof. Since A is exact and extension-closed we have (9) and hence (a) follows.
(b) Let X, Y ∈ A be an exceptional pair. Since A is exact and extension-closed, Z(X, Y ) ⊂ A.
Let F be the equivalence functor coh(P 1 ) → A. We will show that Z(X, Y ) ⊃ A by showing that for each A ∈ vect(P 1 ) and each A ∈ coh 0 (P 1 ) holds F (A) ∈ Z(X, Y ) and using Fact 4.8.
All exceptional pairs in coh(P 1 ) are of the form (O(n), O(n + 1)) (see e.g. [14, the proof of Theorem 3.]) hence we have X ∼ = F (O(n)), Y ∼ = F (O(n + 1)) for some n ∈ Z, in particular F (O(n)), F (O(n + 1)) ∈ Z(X, Y ) and hom(X, Y ) = 2, hom k (X, Y ) = 0 for k = 0. The sequence {s j : j ∈ Z} in D b (coh(P 1 )) from Remark 5.1 can be chosen to be {O(j) : j ∈ Z} hence we have a short exact sequence 0 → O(i − 1) → O(i) 2 → O(i + 1) → 0 for each i. Using these short exact sequences, the fact that the functor F is exact, and that Z(X, Y ) is exact an extension closed by induction one shows that F (O(j)) ∈ Z(X, Y ) for each j ∈ Z. From [6, Proposition 2.6.] it follows that for each vector bundle A ∈ vect(P 1 ) we have F (A) ∈ Z(X, Y ).
To show that for each A ∈ coh 0 (P 1 ) holds F (A) ∈ Z(X, Y ) it is enough to show that for each simple sheaf S x ∈ coh 0 (X(p)), x ∈ P 1 holds F (S x ) ∈ Z(X, Y ) because of [6, Proposition 2.5]. Each simple sheaf S x ∈ coh 0 (X(p)) for each x ∈ P 1 arises as the co-kernel term of an exact sequence 0 → O → O(1) → S x → 0 (see again in the [14, Theorem 3] ). Therefore by the already proved part and the fact that the functor F is exact, and that Z(X, Y ) is exact an extension closed we get F (S x ) ∈ Z(X, Y ) for each x ∈ P 1 . So we proved (b).
(c) The sequence {s i = F (O(i))} i∈Z satisfies the desired properties, since F is equivalence and using (a). The short exact sequence X(p) )) for each i ∈ Z and it follows that s i , s i+1 = s i−1 , s i for each i, therefore {s i } i∈Z = s j , s j+1 for any j ∈ Z. (D b (coh(X(p)))) there exists a unique exact and extension-closed subcategory A ⊂ coh(X(p)), such that there exists a K-linear exact equivalence coh(P 1 ) → A and B = A exc , where A exc is the set of exceptional objects in A. coh(X(p) ))) and let {s i } i∈Z be the sequence from Remark 5.1. Using that coh(X(p)) is hereditary we get integer k i ∈ Z, s.t. s i [k i ] ∈ coh(X(p)) for any i ∈ Z and (16) shows that either k i = k i+1 or k i = k i+1 + 1. We will show that must hold k i = k i+1 . Take any i ∈ Z and denote for short
]. Let Z(A 1 , A 2 ) be the smallest exact and extension-closed subcategory in coh(X(p)) containing A 1 , A 2 . We claim that Z(A 1 , A 2 ) is equivalent to coh(P 1 ) and that hom(A 1 , A 2 ) = 2, and then from (16) it follows that k i = k i+1 .
We show first that Z(A 1 , A 2 ) is not equivalent to a module category over a finite dimensional hereditary algebra. Indeed, if Z(A 1 , A 2 ) is equivalent to a module category over a finite dimensional hereditary algebra, from the arguments as those related to (9), (10) follows that Z(A 1 , A 2 ) is equivalent to Rep K (K(r)) for some r ≥ 0. Since all exceptional pairs in Rep K (K(r)) have rdimensional Hom or Ext between their elements, using that either hom(A 1 , A 2 ) = 2 or hom 1 (A 1 , A 2 ) = 2 due to (16) we conclude that r = 2, however this contradicts [14, Proposition 4.3.] . Now, from [14, Theorem 2.] we get that Z(A 1 , A 2 ) is equivalent to coh(P 1 ), therefore (A 1 , A 2 ) corresponds to an exceptional pair in coh(P 1 ), however all exceptional pairs in coh(P 1 ) are of the form (O(n), O(n + 1)) (see e.g. [14, the proof of Theorem 3.]), and therefore 0 = hom(A 1 , A 2 ) = 2.
We see that k i = k i+1 for each i ∈ Z and it follows that we can ensure ∀i ∈ Z s i ∈ coh(X(p)).
From (18), it follows that for any two integers i, j ∈ Z we have Z(s i , s i+1 ) = Z(s j , s j+1 ).
(20)
If we denote A = Z(s i , s i+1 ), then (20) implies that s i ∈ A for any i ∈ Z. Recalling that (s i , s i+1 ) is an exceptional pair for each i, seeing the properties of the sequence from Lemma 5.2 (c), and taking into account Fact 4.13 we see that in fact {s i } i∈Z is a sequence as in (c) Lemma 5.2, hence the set of all exceptional objects in A up to isomorphism is {s i } i∈Z and B = A exc = s i , s i+1 . Now we prove the uniqueness. Assume that B ∈ C {Id} 1 (D b (coh(X(p)))) and that B = A 1exc = A 2exc where A i is an exact, extension closed subcategory A i ⊂ coh(X(p)), such that there exists a K-linear exact equivalence coh(P 1 ) → A i for i = 1, 2. From Lemma 5.2 (c) we see that B = X 1 , Y 1 = X 2 , Y 2 , where (X i , Y i ) is an exceptional pair in A i for i = 1, 2.
From Lemma 5.2 (b) it follows that for i = 1, 2 we have A i = Z(X i , Y i ). The pair (X 1 , Y 1 ) is exceptional in B, whose elements are in coh(X(p)), therefore (17) and (19) imply that it is isomorphic to a pair of the form (s i , s i+1 ) for some i ∈ Z, similarly (X 2 , Y 2 ) is isomorphic to a pair of the form (s j , s j+1 ) for some j ∈ Z. Now from (20) we get A 1 = A 2 . The lemma is proved. It follows that for any affine connected acyclic quivers Q holds C
Let B ∈ C {Id} 1 (D b (coh(X(p)))). To prove the corollary we will find β ∈ Aut(D b (coh(X(p)))) such that β(B) = Z(O, O(c)) exc , where (O, O(c)) is the corresponding subsequence of the sequence in Fact 4.11. From Lemma 5.3 B = A exc for some exact extension closed subcategory A of coh(X(p)) which is equivalent to coh(P 1 ). From Lemma 5.2 (b) we deduce that A = Z(X, Y ) for some exceptional pair (X, Y ). Since Z(X, Y ) is not equivalent to a module category ( see also [14, Corollary 1]), from [14, Theorem 3] it follows that for some auto-equivalence α ∈ Aut(coh(X(p))) holds α (Z(X, Y )) = Z(O, O(c)), this auto-equivalence gives rise to an auto-equivalence β ∈
